The product-reactant Ornstein-Zernike approach, supplemented by the ideal network approximation, is formulated for the Yukawa sticky m-point ͑YSmP͒ model of associating fluid. The model is represented by the multicomponent mixture of the Yukawa hard spheres with m sticky points randomly located on the surface of each hard sphere. Extensions of the regular integral equation closures, which include polymer Percus-Yevick, polymer hypernetted chain and polymer mean spherical approximations, are presented. An analytical solution of the polymer mean spherical approximation is derived and closed form analytical expressions for the structure ͑contact value of the radial distribution function, structure factor͒ and thermodynamic ͑internal energy͒ properties of the YSmP model are obtained. Due to generality and flexibility of the model it can be used to study the properties of a number of different associating fluids, including water and aqueous solutions. By way of illustration liquid-gas phase diagrams for the model with mϭ0, 1, 2, 3, 4 are presented and discussed. Predictions of the theory for the liquid-gas phase diagram of the YS4P model with the parameters similar to those assumed in the frames of the statistical associating fluid theory to mimic water are in reasonably good agreement with the corresponding experimental data for water.
I. INTRODUCTION
In this article we continue our long-term study of the simple models of associating fluids in the frames of the product-reactant Ornstein-Zernike approach [1] [2] [3] [4] ͑PROZA͒. The PROZA represents an extension and application of the integral equation theory for associating fluids initiated by Wertheim. 5, 6 Our choice of the models to be studied is defined by their abilities to embody the most important generic properties of certain classes of associating fluids on one hand and the possibility of their analytical treatment on the other. In the previous studies different versions of the models, which describe hard-sphere dimerizing and polymerizing fluids, were investigated. [1] [2] [3] [4] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] Recently the earlier work on dimerizing hard spheres 26 was extended by adding a van der Waals attraction, modeled by a sum of the Yukawa terms, to the hard-sphere interaction between particles. 18 In the present study we propose similar extension of the earlier work on polymerizing and network forming hard-sphere fluids. [1] [2] [3] 27, 28 We consider a totally flexible Yukawa sticky m-point ͑YSmP͒ model of associating fluid represented by the multicomponent mixture of the Yukawa hard spheres with additional m sticky points, randomly located on a hard-sphere surface. Due to the presence of the sticky sites, clusters of particles of different geometries can be formed in the system. In the case of the YS1P model only dimers can be formed, the Y2SP model allows formation of flexible linear chain molecules, and, in the case of the YSmP model with mϾ2, branching polymerization is possible. Of particular interest is the model with four bonding sites, which in the absence of Yukawa interaction, and certain choice of sticky interaction between the sites closely resembles the primitive model of water due to Nezbeda and co-workers. [29] [30] [31] This type of model was studied recently utilizing the polymer PercusYevick version of PROZA supplemented by the so-called ideal network approximation. 27, 28 To account for the presence of Yukawa interaction we are using here polymer mean spherical approximation 12, 32, 33 ͑PMSA͒ together with the ideal network approximation extended to treat the YSmP model with arbitrary m. The role of the Yukawa term in the PMSA closure condition is twofold. On one hand, it can be treated in a spirit of generalized MSA 34 or self-consistent OZ approach ͑SCOZA͒ [35] [36] [37] to improve the PMSA closure relation. On the other hand, the Yukawa term can be used to describe attractive van der Waals interaction [38] [39] [40] and in this respect it is a much better candidate for such a role than square-well potential of variable range. 41, 42 Although there is no real system which has the interparticle potential of the hard-core Yukawa fluid form, it takes into account the basic elements of the interparticle interaction in real potentials, i.e., short-range repulsion and intermediate-range attraction. For example, a hard-core two-Yukawa fluid model has been utilized earlier to successfully describe the properties of the system with Lennard-Jones simple-fluid potential.
͑SAFT͒, adds to Wertheim's TPT description of the dispersion forces on the level of the mean-field treatment. More recent versions of the SAFT include dispersion forces into the reference system ͑see the review paper by Müller and Gubbins 44 and references therein͒. All TPT-based theories assume that the Helmholtz free energy can be written as a linear sum of separable monomer and associating contributions, with no interaction between the terms. However, in general, one would expect cross interactions between these terms, which under certain conditions might be important. While for weak and moderate strength of associating forces SAFT has proved to be a very useful and accurate approximation, for strongly associating fluids theoretical results appear to be less accurate. 45, 46 PROZA provides the possibility for including such nonlinear effects. In addition, unlike any TPT-based theories, PROZA is capable of providing predictions for the structure properties of the system.
The article is organized as follows: In Sec. II we introduce the YSmP model and discuss the theory to be used. In particular we discuss here the details of the ideal network approximation and present analogies of the regular integral equation closures in the frames of PROZA: the so-called polymer Percus-Yevick ͑PPY͒ closure, polymer hypernetted chain ͑PHNC͒ closure, and polymer mean spherical approximation ͑PMSA͒. Solution of the PMSA for the multi-Yukawa multicomponent version of the YSmP model is derived in Sec. III. Numerical results and discussion can be found in Sec. IV and in Sec. V we present our conclusions and outline future work.
II. THE MODEL AND THEORY

A. Yukawa sticky m-point model of associating fluid
In this study we consider the multicomponent version of the totally flexible Yukawa sticky m-point ͑YSmP͒ model of associating fluid. The model is represented by the multicomponent mixture of Yukawa hard spheres of species a ϭ1,2,3, . . . , with diameters a and densities a . Each of the hard spheres, has m a sticky points, A,B,C, . . . , randomly placed on a surface. We will use small letters to denote the species of the particles, capital letters to denote the individual sticky sites, ⌫ to denote the set of all m a sticky sites, and small Greek letters to denote their subsets. In what follows capital letters, ⌫, and small Greek letters are used as subindices and denote the subset of the bonded sites ͑bond-ing state͒ of the corresponding particles. The pair potential for this model consists of the hard-sphere term ⌽ ab (hs) (r), Yukawa term ⌽ ab (Y ) (r) and a term describing sticky interaction ⌽ ML ab(ass) (12) :
where 1 and 2 denote the positions and orientations of the two particles, Due to random location of the attractive sites our YSmP model ͑1͒ represents a model for associating fluid particles than form a flexible network of tangentially bonded hard spheres upon association. In the case of the YS2P version of the model, formation of such a network reduces to the formation of the flexible linear chain molecules and in the case of the YS1P version only dimers will be formed in the system.
B. Product-reactant Ornstein-Zernike approach and ideal network approximation
Similar to the previous studies, we describe the present YSmP model using PROZA. It is based on the multidensity integral-equation theory for associating fluids initially developed by Wertheim. 5, 6 Within this approach the full particleparticle correlation function h ab (r) of a fluid of reacting particles is decomposed into a linear combination of partial correlation functions h ␣␤ ab (r) that describe correlations between particles in different bonding states, ␣ and ␤, of the mixture of reactant particles and product molecules,
where the summation is carried out over all possible ␣ and ␤, which denote the subset of bonded sites of the corresponding particles. Here, due to the random location of the sites, the orientational dependence is washed out and all the correlation functions depend on the interparticle separation only. These correlation functions, together with the corresponding partial direct correlation functions, c ␣␤ ab (r), are coupled by the multidensity Ornstein-Zernike ͑OZ͒ equation, which for the model at hand reads
where ĥ ab (k) and ĉ ab (k) are the matrices with the elements ĥ ␣␤ ab (k) and ĉ ␣␤ ab (k) being Fourier transforms of the correlation functions h ␣␤ ab (r) and c ␣␤ ab (r). The dimensionality of these matrices is defined by the number of bonded states available for the corresponding particle. For the particles with m a sites the number of possible bonding states is 2 m a . For example, particles with two sticky sites, A and B, and C (m a ϭ3) have eight bonding states, 0, A, B, C, AB, AC, BC, and ⌫ϭABC. Thus with the increase of the number of sites the dimensionality of the matrices involved in the OZ equation ͑6͒ will be rapidly increased. Unlike the usual OZ equation, the multidensity OZ equation ͑6͒, in addition to the partial correlation functions ĥ ␣␤ ab (k) and ĉ ␣␤ ab (k), involves also the densities of the particles ␣ a in all possible bonding states ␣:
where
These densities are coupled to the pair structure via selfconsistent relation, 5, 6 which can be seen as a statisticalmechanical analog of the mass action law.
To reduce the dimensionality of the matrices in the OZ equation ͑6͒ and to simplify the expression for the densities ␣ a we shall utilize here the so-called ideal network approximation. 27 This approximation represents an extension of the ideal chain approximation, 7 which in turn was suggested as an extension of the corresponding approximation utilized in the thermodynamic perturbation theory ͑TPT͒ for associating fluids. 6, 43 In the frames of these approximations the formation of the ring structures is neglected. As a result all the partial correlation functions h ␣␤ ab and c ␣␤ ab with either ␣ or ␤ denoting the set of more than one attractive site are equal zero. We note in passing that due to the convolution term in the OZ equation ͑6͒ the third particle may have any number of sites bonded, which accounts for the effects of polymerization and network formation ͑for more detailed discussion of the ideal network approximation we refer the readers to Refs. 6, 7, 27, and 43͒. The corresponding expression for ␣ a is
Combining ͑8͒ and ͑9͒ we have
From ͑9͒ at ␣ϭK we get
Now we are in a position to derive a very useful relation between the density parameters ␣ a . This relation follows from ͑12͒ with c M a substituted by its expression ͑13͒,
where m ␣ a is the number of sites in the subset ␣. Using ͑14͒ we find
The first of these relations, together with the expression for c ␣ a ͑10͒ and ͑13͒, allow us to write a closed set of equations for the density parameters ⌫ϪM
where X M a denotes the fraction of the particles not bonded at 
by the set of algebraic equations for the densities ͑17͒ and by the so-called closure conditions, i.e., additional relation between correlation functions c ab (r) and h ab (r).
C. Closures
Due to close similarity between the regular integral equation theory and the multidensity integral equation theory it is possible to formulate the multidensity versions of the regular integral equation closures 6 in the frames of the present combination of PROZA and the ideal network approximation. Keeping this goal in mind, let us represent partial correlation functions c ab (r) and h ab (r) as a sum of the regular and singular terms,
Following Wertheim 6 we get for the Percus-Yevick-like closure
and for the hypernetted chainlike closure
We refer to these closures as to polymer Percus-Yevick ͑PPY͒ closure and polymer hypernetted chain ͑PHNC͒ closure. Note that both PPY and PHNC closures are written in a form that allows their application for the models with arbitrary potential in place of the hard-sphere and/or Yukawa potentials in ͑1͒.
Similarly one can formulate the analog of the mean spherical approximation, the so-called polymer mean spherical approximation 12, 32, 33 ͑PMSA͒,
where ͓E͔ ␣␤ ϭE ␣␤ .
The set of equations formed by the OZ equation ͑6͒, the relation between the densities ͑17͒, and any of the above closures form a closed set of equations to be solved.
III. POLYMER MEAN SPHERICAL APPROXIMATION
A. Solution of the polymer mean spherical approximation
Solution of the PMSA for the multicomponent multiYukawa version of the YS1P model of dimerizing fluid has been derived via the Baxter factorization method 47 earlier. 18 More recently, this solution was extended for the Yukawa chain fluid 20, 22, 24 and for the fluid of the Yukawa star molecules. 25 Here we present an extension of these previously derived solutions for the YSmP model of associating fluid discussed in the previous section. The general scheme of the solution is based upon the version of the factorization technique developed by Blum and co-workers 48 -50 and is quite similar to that utilized in previous studies. 18, 20, 22, 24, 25 We shall therefore omit any details and present here only the final expressions, appropriately modified to be suitable for the system at hand.
For the sake of factorization it is convenient to rearrange the set of the OZ equations ͑6͒ into the following form:
where ĥ (k) and ĉ(k) are the matrices with the elements ĥ ab (k) and ĉ ab (k). Following Baxter 47 we factorize this set of equations into two pieces using the so-called factorization
where Q (k) is the matrix with the elements Q ab (k). Now the initial set of equations ͑24͒ is represented as two sets of equations in which the functions ĥ ab (k) and ĉ ab (k) are decoupled. introducing the real-space Q-function, defined by the one-dimensional Fourier transform
the corresponding set of equations in the real r-space takes the following form:
͑28͒
and ␣ a is the matrix with the elements ͓␣ a ͔ ␣␤ ϭ1Ϫ␦ ␣␤ ϩE ␣␤ . Substituting into ͑26͒ the expression for Q ab (k), obtained from the first of the equations in the set ͑25͒, and using analytical properties of the factor function Q ab (k) together with the closure relation ͑23͒, we have
where D ab (n) and Ẽ are the row vectors
T ab ϭ2 ab B ab , and D ab (n) satisfies the following set of algebraic equations:
. In ͑30͒ the function q ab (r) is defined in the range ba ϽrϽ ab by
and
Hereafter all the row vectors of the type (A 0 , A A , A B , . . . ) are denoted as Ã .
One can see that all coefficients of the factor function q ab (r) are determined by the set of unknowns D i j (n)ab and ␥ i j ab (z n ). These unknowns follow from the solution of the set of equations ͑31͒ and equations obtained by differentiating relation ͑28͒ with respect to r in the interval ba ϽrϽ ab and subsequently taking the Laplace transformation of both sides of the resulting equation. We have
Ϫz n bd z n ϩs ͮ .
͑46͒
The set of equations ͑31͒ and ͑43͒ has to be solved numerically. This completes our solution of the PMSA for the YSmP model of associating fluid.
B. Structure and thermodynamics
Knowledge of the Q-function enables one to calculate the structural properties of the system. The structure factor Ŝ ab (k)ϭ␦ ab ϩͱ a b ĥ ab (k) follows from the second of the equations in the set of equations ͑25͒,
where Q (k) follows from ͑45͒ at sϭϪik. To obtain g ab (r) for rϾ ab one may either apply the iteration scheme of Perram 51 or utilize the general expression
which follows from ͑25͒. Application of the Perram scheme requires knowledge of the contact values of g ␣␤ ab (r). In addition the contact value of g 00 ab (r) is needed to close the density relation ͑17͒. The expression for the contact value of the nonsingular part of the partial correlation functions H ab ϭH ab ( ab ϩ) follows from ͑28͒ by differentiating with respect to r at rϭ ab ϩ,
Thermodynamic properties of the model at hand are calculated here utilizing the energy route, which appears to be the most accurate for the MSA-type of the theories. Using standard expression for the excess internal energy in terms of the probability distribution functions we have
where ⌬E (Y ) is the Yukawa contribution to the internal energy.
Corresponding contributions to Helmholtz free energy ⌬A (Y ) , pressure ⌬ P (Y ) , and chemical potentials ⌬ a (Y ) can be calculated using coupling parameter integration
with subsequent differentiation of the resulting free energy with respect to the volume,
and to the number of particles N a ,
where g ab (r,) and ␥ ␣0 ab (z n ,) are the corresponding quantities of the system with the pair potential ⌽ ab (12) involving Yukawa interaction rescaled by the parameter :
Here thermodynamical properties are given in excess to their reference system values, which is represented by the system with the following pair potential:
The properties of such a reference system can be calculated using the thermodynamical perturbation theory of Wertheim. 
IV. RESULTS AND DISCUSSION
To illustrate our PMSA theory and the solution obtained in the previous section we present here results for the liquidgas phase diagram of the one-component YSmP model with different number of sticky sites m and different values of the strength of sticky interaction K ML (ass) . To establish the temperature dependence of the sticky parameter K ML (ass) we assume that site-site sticky potential ⌽ ML (ass) (12) represents sitesite square-well potential ⌽ ML (sw) (12) of the width and depth ⑀ ML (ass) . We assume also that the sites are located inside the hard-core region at a distance d from the hard-sphere center. We refer to the model with square-well site-site interaction as the Yukawa square well m-point ͑YSWmP͒ model. The potential well depth ⑀ ML (ass) follows from the condition of equality of the second virial coefficients for both sticky and square-well potentials,
where f ML (sw) (12) is the Mayer function for the square-well interaction. This integral can be easily calculated analytically using expression for ͗ f ML (sw) (12)͘ ⍀ 1 ⍀ 2 obtained by Wertheim. 53 We have
For the sake of the simplicity we assume that all m sites are equivalent, i.e., ⑀ ML (ass) ϭ⑀ ass (K ML (ass) ϭK (ass) ), and restrict ourselves to one-Yukawa case
with zϭ1.8/ and KϭϪ␤⑀ Y e z . Here ⑀ Y is the contact value of the Yukawa potential, which is assumed to be attrac-tive: ⑀ Y Ͻ0. In the following we will use dimensionless quantities to describe the model at hand, i.e., reduced number density *ϭ 3 , reduced temperature T*ϭ1/␤* ϭϪkT/⑀ Y , and reduced depth of the square-well potential ⑀ ass * ϭ⑀ ass /⑀ Y .
In Figs. 1 and 2 we present liquid-gas phase diagram for the YSmP model with mϭ0,1,2,3,4, dϭ/2, ϭ/10, and for two different values of the square-well depth: at ⑀ ass * ϭ15 and ⑀ ass * ϭ25.
As one would expect, increasing the number of sticky sites leads to an increase of the critical temperature, which is more pronounced in the case of larger ⑀ ass * . Simultaneously with the increase of m from 0 to 2 the critical density c * decreases. Further increase of the number of sticky sites from 2 to 4 causes increase of c * . For the lower values of ⑀ ass * this effect is only marginal, while for the higher ⑀ ass * critical density of the YS2P model is almost twice as small as that of the YS4P model. The fraction of free ͑unboned͒ particles X ⌫ in the coexisting phases is demonstrated in Figs. 3 and 4 as a function of the temperature. This quantity was calculated using relation ͑14͒, which gives
Behavior of X ⌫ along the coexistence curve is defined by the competition between two factors, i.e., density and temperature. With the increase of the density or decrease of the temperature degree of polymerization increases, which causes the decrease of the fraction of free monomers. Since the fraction of the free particles at the same temperature is smaller for the more dense phase, the liquid branch of the coexistence curves in Figs. 3 and 4 is located to the left of the gas branch. For the YS1P model there is a range of temperatures where the increase of the temperature causes an increase of X ⌫ for both liquid and gas branches. In all the rest of the cases temperature increase leads to the increase of X ⌫ for the liquid branch and its decrease for the gas branch.
For the large value of the stickiness ͑or square-well depth, ⑀ ass * ϭ25) the difference between the liquid branch fraction and gas branch fraction and its value for the YS1P model is small ͑Fig. 4͒, which indicates that for such values of the density and temperature the system is almost dimerized and the YS1P model can be seen as a system of tangentially bonded Yukawa diatomics. With the increase of the number of sticky sites the fraction of free monomers X ⌫ at the critical pint decreases for ⑀ ass * ϭ15 and increase for ⑀ ass * ϭ25.
Finally, in Fig. 5 we show the comparison of the experimentally obtained liquid-gas phase diagram for water 54 ϭ⑀ BB (ass) ϭ⑀ CC (ass) ϭ⑀ CD (ass) ϭ⑀ CD (ass) ϭ0, and ⑀ Y ϭϪ48 K. This choice for , , and ⑀ ass is the same as that assumed in the earlier studies, 55 in which the primitive model of water due to Nezbeda et al. 29, 30 was used to describe the phase equilibrium of water and some aqueous solutions. These studies were carried out in the frames of Wertheim's 6,30,43 thermodynamic perturbation theory ͑TPT͒ supplemented by the van der Waals mean-field treatment of the dispersion forces. The rest of the model parameters were used for the fitting purposes. The value of the square-well site displacement d was chosen to provide the same contribution of the bonding volume 55 to the density relation ͑17͒ as that assumed earlier, 55 and Yukawa energy parameter ⑀ Y was obtained by its fitting to the vapor pressure experimental data.
Taking into account that we did not make much of the efforts to fit all of the parameters in the frames of the present PMSA theory, the agreement between theory and experiment is quite reasonable. Further improvement can be achieved following Nezbeda 56 and including into consideration a dipole-dipole term in the potential model expression ͑1͒.
V. CONCLUSIONS
In this work the product-reactant Ornstein-Zernike approach for the Yukawa sticky m-point model of associating fluid is formulated. Due to the presence of the sticky points this model can undergo linear and branching polymerization upon association. For a certain choice of the parameters the model with mϭ4 closely resembles the primitive model of water developed by Nezbeda and co-workers. 29 , 30 We present corresponding extensions of the regular integral equation closures, which include polymer Percus-Yevick, polymer hypernetted chain and polymer mean spherical approximations. An analytical solution of the polymer mean spherical approximation is derived and closed form analytical expressions for the structure ͑contact values of the radial distribution functions, structure factors͒ and thermodynamic ͑inter-nal energy͒ properties of the system at hand are obtained. By way of illustration we present and discuss liquid-gas phase diagrams for the model with mϭ0, 1,2,3,4. Using the set of model parameters similar to those assumed in the frames of the statistical associating fluids theory to mimic phase behavior of water and some aqueous solutions we were able to reproduce the experimentally obtained liquid-gas phase diagram for water with reasonable accuracy. An important advantage of the present approach is that in addition to the thermodynamical properties it is able to predict the structure properties of the model. Knowledge of the structure is of substantial importance in many applications, for example in theoretical studying of the high-temperature solvation effects, which requires calculation of the Kirkwood-Buff integrals. 57 In future applications we are planning to perform a detailed theoretical and computer simulation study of hightemperature solvation effects in associating fluids, particularly in water. 
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